We introduce the notion of character amenable Banach algebras. We prove that character amenability for either of the group algebra L 1 (G) or the Fourier algebra A(G) is equivalent to the amenability of the underlying group G. Character amenability of the measure algebra M(G) is shown to be equivalent to G being a discrete amenable group. We also study functorial properties of character amenability. For a commutative character amenable Banach algebra A, we prove all cohomological groups with coefficients in finite-dimensional Banach A-bimodules, vanish. As a corollary we conclude that all finite-dimensional extensions of commutative character amenable Banach algebras split strongly.
Introduction
The concept of amenable Banach algebras was first introduced by B. E. Johnson in [16] . This notion also appeared in the work of A. Ya. Helemskii [10] which was published in the same year. A Banach algebra is called amenable if its first cohomological groups H 1 (A, E ) vanish for all dual Banach A-bimodules E . We recall that if A is a Banach algebra and E is a Banach A-bimodule, then E , the dual of E, has a natural A-bimodule structure defined by a · f, x = f, x · a , f · a, x = f, a · x , (a ∈ A, x ∈ E, f ∈ E ).
A derivation d : A → E is a linear map such that d(ab) = a · d(b) + d(a) · b for all a, b ∈
A. Given f ∈ E , the inner derivation δ f : A → E , is defined by δ f (a) = a · f − f · a. Amenability of A is equivalent to the property that every continuous derivation d : A → E is an inner derivation, for every Banach A-bimodule E. A substantial amount of research has been done to link amenability to various properties of Banach algebras. For example an early result of Johnson showed that amenability of the group algebra L 1 (G) for G a locally compact group, is equivalent to the amenability of the underlying group G. Results of Connes and Haagerup showed that a C * -algebra is amenable if and only if it is nuclear [19] .
In this paper we introduce the concept of character amenable Banach algebras (see Definition 2·1). The definition requires continuous derivations from A into dual Banach A-bimodules to be inner, but only those modules are considered where either of the left or right module action is defined by characters of A (including the zero character). As such, character amenability is weaker than amenability in the sense of Johnson. In defining this concept, we have been motivated by the notion of left amenability of A. Lau [18] for the class of F-algebras. Left character amenability as defined here is however stronger than left amenability of Lau.
We briefly summarize the results in this paper. Theorem 2·3 characterizes character amenability in terms of bounded approximate identities and certain topological invariant elements of the second dual. As a consequence in Corollary 2·4 we show that the character amenability for each of the Banach algebras L 1 (G) and A(G) is equivalent to the amenability of G. The corollary in fact deals with the generalized Fourier algebras A p (G) (which for the particular case of p = 2 coincide with A(G)). Our result on character amenability of the group algebra L 1 (G) and the result of Dales, Ghahramani and Helemskii [4, theorem 3·2, p . 224] on the existence of non-zero point derivations on the measure algebra M(G) (when G is non-discrete) imply that M(G) is character amenable if and only if G is a discrete amenable group (Corollary 2·5). Theorem 2·6 gives the main functorial properties of character amenability. Section 2 ends with a characterization of character amenability of the Lau products of Banach algebras [21] .
In Section 3, we discuss splitting properties of modules over character amenable Banach algebras. In our main result of this section, that is, Theorem 3·1, we show triviality of cohomological groups with coefficients in finite-dimensional Banach modules over character amenable commutative Banach algebras. As a consequence we conclude that all finitedimensional extensions of commutative character amenable Banach algebras split strongly. The section ends with another splitting property of short exact sequences over character amenable Banach algebras.
The results in Section 2 were announced in 2006 Canadian Symposium on Abstract Harmonic Analysis, in Winnipeg. In this conference the author was informed by Professor A. Lau of similar unpublished results concerning φ-amenability obtained by himself, J. Pym, and independently, by E. Kaniuth. The work of these authors has been accepted for publication in these proceedings [17] . Due to many natural overlaps, and following suggestions by the referee, I have presented the results of Section 2 briefly, referring instead to [17] for details.
Definitions and basic properties
Let A be a Banach algebra and σ (A) be the spectrum of A, that is, the set of all non-zero multiplicative linear functionals on A. If ψ ∈ σ (A) {0} and E is an arbitrary Banach space, then E can be viewed as Banach left or right A-module by the following actions (a ∈ A, x ∈ E):
If the right action of A on E is given by (2·2), then it is easily verified that the left action of A on the dual module E is given by
Definition 2·1. Let A be a Banach algebra. We call A left character amenable (LCA) if for all ψ ∈ σ (A) {0} and all Banach A-bimodules E for which the right module action is given by
Right character amenability (RCA) is defined similarly by considering Banach Abimodules E for which the left module action is given by a · x = ψ(a)x.
We call A character amenable (CA) if it is both left and right character amenable.
Any statement about left character amenability turns into an analogous statement about right character amenability (and vice versa) by simply replacing A by its opposite algebra. Right character amenability of A is equivalent to φ-amenability in the sense of [17] for all φ ∈ σ (A) together with 0-amenability.
As the definition indicates, character amenability is weaker than amenability; so all amenable Banach algebras are automatically character amenable.
The products a · φ and φ · a are of course the natural left and right module actions of A on A . If is both ψ-TLI and ψ-TRI, it is called ψ-topologically invariant, or for short ψ-TI.
For φ ∈ σ (A), the notion of a φ-mean as defined in [17] is equivalent to a φ-TRI element such that (φ) = 1.
THEOREM 2·3. A Banach algebra A is left character amenable if and only if the following two conditions hold: (i) A has a bounded left approximate identity;
(ii) for every ψ ∈ σ (A) there exists a ψ-TLI element ∈ A such that (ψ) 0. Similar statements hold for right character amenability.
Proof. It follows from [16, propositions 1·5 and 1·6, pp. [10] [11] that the existence of a bounded left approximate identity for A is equivalent to H 1 (A, E ) = {0} for every Banach A-bimodule E for which the right module action of A is the trivial multiplication x · a = 0. Now the theorem follows from [17, theorem 1·1] and our remark following Definition 2·1.
For a locally compact group G, the Fourier algebra A(G) and the generalized Fourier algebra A p (G) (1 < p < ∞) were introduced in [5] and [7] , respectively (see also [6] ). The algebras A(G) and
The next corollary shows that the character amenability of these algebras are completely characterized by the amenability of their underlying group G. 
. This character has an extension to the entire M(G) defined bỹ It follows from Theorem 2·3 that radical Banach algebras with bounded left approximate identities are automatically left character amenable, since the spectrum of such Banach algebras are empty. However it is easy to show that
is an example of a commutative, non-radical, non-semisimple Banach algebra that is not character amenable. Such examples justify our approach of not restricting the notion of character amenability to merely semisimple Banach algebras. The next theorem summarizes the functorial properties of left character amenability.
THEOREM 2·6. Let A and B be Banach algebras and I a closed two sided ideal of A. (i) If A is left character amenable and μ : A → B is a continuous homomorphism with μ(A) = B, then B is left character amenable. (ii) If A is left character amenable then I is left character amenable if and only if I has a bounded left approximate identity. (iii) If both I and A/I are left character amenable, then A is left character amenable. (iv) The unitization algebra A # is left character amenable if and only if A is left character amenable. (v) A × B is left character amenable if and only if both A and B are left character amenable.
Proof. (i) and (iv) follow from [17, proposition 3·5 and lemma 3·2 ], respectively.
(ii) This statement follows from [17, Lemma 3·1] provided we show that every φ ∈ σ (I ) extends to some φ ∈ σ (A). The following proof was kindly pointed out to me by the referee. First we note that since I has a bounded left approximate identity the kernel of φ, say J , is a closed ideal in A. Let u ∈ I be such that φ(u) = 1. Then u is an identity of I modulo J , and φ(x) = φ(xu), x ∈ A, defines an element of σ (A) extending φ. Indeed,
The proof of (iii) is similar to the analogous result for amenability of short exact sequences [16, proposition 5·1, p. 51]. Verification of (v) is routine.
The following corollary now follows from [17, propositions 2·1 and 2·2] .
COROLLARY 2·7. A Banach algebra A is left [right] character amenable if and only if ker φ has a bounded left [right] approximate identity for every φ ∈ σ (A) {0}.
It follows from the above corollary that every C * -algebra is character amenable.
Note that left character amenability is not automatically inherited by closed ideals. In fact if G is an amenable group, an ideal I in the Fourier algebra A(G) has bounded approximate identity if and only if I = I (E) = {u ∈ A(G) : u(E) = {0}} where E belongs to the coset ring of G [8, theorem 2·3]. Thus if F a closed set which does not belong to the coset ring of G, then I (F) is not left character amenable.
Next we would like to look at certain twisted products between Banach algebras, and characterize when they are left character amenable. Let A and B be Banach algebras, σ (B) 6, and θ ∈ σ (B). Then the θ-Lau product, denoted by A × θ B, is defined as the set A × B equipped with the multiplication
and the norm (a, b) = a + b . Then A is a closed two sided ideal of A × θ B and A × θ B/A % B, in other words one can view A × θ B as a strongly splitting Banach algebra extension of B by A. We note that in the special case that B = C is the complex numbers and θ is the identity map on C, then A × θ C = A # is the unitization of the algebra A. Lau products have been studied in [18] and [21] . In particular it has been shown that [21, proposition 2·4]
We denote the first and second Arens product of the second dual of a Banach algebra by and ♦, respectively. 
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From (2·6) we get
Choosing b = 0 and a such that φ(a) 0, we conclude from the last equation that = 0. It follows from (2·5) and (2·7), that is φ-TLI and (φ) 0. The converse is clear from (2·5) and (2·6).
(
From this equation we conclude that · b = θ(b) for all b ∈ B, and thus is θ-TLI.
From the continuity of the second Arens multiplication from the left-hand side, it follows that − / (θ ) is a left identity for (A , ♦).
We leave the verification of the rest of the statements to the reader. 
where n = dim E, and φ i , ψ i ∈ σ (A) {0}, and C φ i ,ψ i is the set of complex numbers with Suppose that φ is a φ-TI element of A such that φ (φ) 0. By dividing φ with φ (φ) we may assume φ (φ) = 1. Let S ∈ B n−1 (A, C) be a continuous (n − 1)-linear map defined by S(a 2 , . . . , a n ) = φ • T (a 2 ⊗ · · · ⊗ a n ), and let
be the canonical continuous linear functional associated to S. If we apply φ on the left to the identity (3·5), we get
Rewriting this last equation in terms of T and S we have
. . , a n )
or equivalently,
. . , a n−1 ) · a n = 0.
, as we wanted to show.
It is well known that the obstruction to the splitting of singular admissible extensions lie in the two dimensional cohomology group [1, 12] . For the case of finite-dimensional extensions however, splitting of singular extensions implies the splitting of all extensions [ 
